In generalized optical systems, that is, in systems which may contain thin refracting elements of asymmetric dioptric power, pencils of rays may exhibit phenomena that cannot occur in conventional optical systems. In conventional optical systems astigmatic pencils have two principal meridians that are necessarily orthogonal; in generalized systems the principal meridians can be at any angle. In fact in generalized systems a pencil may have only one principal meridian or even none at all. In contrast to the line foci in the conventional interval of Sturm line foci in generalized systems may be at any angle and there may be only one line focus or no line foci. A conventional cylindrical pencil has a single line focus at a finite distance but it can be regarded as having a second line focus at infinity. Only in generalized systems is a single line focus possible without a second at infinity or anywhere else. The purpose of this paper is to illustrate the types of pencils possible in generalized systems. Particular attention is paid to the effect of including an antisymmetric component in the divergency of the pencil.
Introduction
A recent paper 1 describes thin lenses with asymmetric dioptric power. The lenses are built up of small prisms and the power is of a type that has no equivalent in the traditional spherocylindrical representation employed in optometry. We shall refer to optical systems which may contain such lenses as generalized optical systems. Conventional optical systems do not contain such lenses; they constitute a subset of generalized optical systems. A paper 2 accompanying this one examines the nature of pencils of rays of light through generalized optical systems. The state of a pencil is represented by a 2 2 × matrix, called the divergency, which may be symmetric or asymmetric. In conventional systems it is the negative of the vergence matrix [3] [4] [5] [6] . Equations are derived 2 which allow step-along divergency calculations through generalized optical systems similar to step-along vergence calculations 7 in conventional systems. Generalized systems exhibit features which are not possible in conventional systems. A pencil of rays can have two principal meridians that are not orthogonal, or there may be only one principal meridian or even none. As a consequence line foci need not be orthogonal or there may be only one or none.
2 The case with the single line focus is not equivalent to a cylindrical pencil in conventional systems; the latter has two line foci, one at a finite distance and the other at infinity. The purpose of this paper is to make use of the mathematical analysis of the accompanying paper 2 to illustrate and examine these features.
We begin by summarizing those results in the accompanying paper 2 that are needed in this paper. The simplest pencil, a pencil of parallel rays, is examined first. It provides a reference or framework for the illustrations that follow. The emphasis here will be on the effect of including an antisymmetric component in the divergency. Working in five sets of three we begin each set with a pencil which is possible in a conventional optical system and then add an antisymmetric component and, finally, double the amount of antisymmetric component. Lastly we shall examine the effect of adding an antisymmetric component to a singular (cylindrical) divergency.
Throughout this paper we shall be working in terms of divergency. Reversing the sign allows one to think in terms of a generalized vergence (Equation 39 of the accompanying paper 2 ) instead. In generalized systems principal divergencies are complex numbers. Corresponding to them are what we refer to as complex principal meridional planes, complex focal planes and complex foci. This paper restricts its attention to optical features represented by real numbers. Conventional systems have principal divergences and powers that are complex but their principal divergencies and vergences are necessarily real.
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As we have pointed out before 1, 2 one expects that the very simple model used in this context may be very limited in conventional applications. Nevertheless there are less-conventional applications we believe, an example being the nodes in nodal rays examined elsewhere 10 .
Divergency in generalized optical systems
For convenient reference below we summarize here results of the accompanying paper 2 . We use the following convention: Equation 45 2 , for example, will refer to Equation 45 in the accompanying paper and similarly for other numbered items.
A pencil of rays is defined in terms of its divergency M (Definitions 1 2 and 2 2 ) at a particular transverse plane. Here we shall consider only centred pencils. At a particular transverse plane the reduced inclinations ( 1 2 × ) of the rays in a centred pencil are a linear function of their transverse positions y ( 1 2 × ). More particularly = My. The divergency is a 2 2 × matrix which we shall often expand as (Equation 44 2 ) 
We shall also make use of Equation 38 2 which becomes .
The discriminant of the divergency is defined by (Equation 60 2 )
.
According to Equation 59 2 there are three cases of interest: the discriminant is positive, zero or negative. We summarize each in turn.
If 0 dis > M D 2 the pencil has two distinct principal divergencies given by (Equation 59 2 )
Corresponding to each principal divergency there is a principal plane that lies at angle A given by (Equations 61 2 and 62 2 )
Corresponding to the unique principal divergency is a unique principal meridional plane lying at an angle given by Equations 6, 7 or 8. Finally, when 0 dis < M D 2 , there is no principal divergency or principal meridional plane.
Corresponding to a principal divergency M is a focal plane at reduced distance (Equation 72 2 ) 
Pencils of null divergency
The simplest of all pencils is shown in Figure 1 . It has the form of a box with square cross-section. Z is a longitudinal axis. T is a transverse plane. T′ is a second transverse plane at reduced distance ζ downstream from T. A small solid circle marks the intersection of Z with T and an a small empty circle the intersection of Z and T′ . Our primary interest is in the geometry of the rays in the system between these two transverse planes. We may refer to T as the entrance plane of the system and T′ as the exit plane. If we imagine standing upstream from T and looking along Z we see a blue line defining the top (blue for sky) of the box, a green line defining the bottom (green for grass), a red line defining the right (r for right) and a cyan line defining the left of the box. We can think of the four coloured lines as representing a square aperture that defines which rays are transmitted between T and T′ . The same colours are used to define the boundary of the pencil in transverse plane T′ . Twenty-five rays are shown traversing the box from T to T′ ; they are equally spaced on a square lattice with five rows and five columns. The light is travelling from left to right and into the plane of the paper. The corner rays are shown thicker than the other rays.
At entrance plane T in Figure 1 the divergency of the pencil is null, that is, O M = D. In keeping with Equation 2 it is also null at exit plane T′ , and, indeed, at every transverse plane. All of the coefficients in Equation 1 are zero and the discriminant (Equation 4) is zero. It follows that every meridional plane is a principal meridional plane. We can think of there being a unique focal plane at infinity and that the focal plane contains a focal point.
For all the figures that follow in this paper Figure  1 provides a framework. The positions of the rays in entrance plane T of all the figures is the same as in Figure 1 . For purposes of clarity and convenience the reduced distance between the two transverse planes T and T′ has been chosen as 2 = ζ m for all the figures. This allows important features of the pencil to be centred at or near a reduced distance of 1 m in many of the examples. The square defining the boundary of the pencil in T′ is shown by means of a fine dashed line in (b) of all subsequent figures. The coloured lines in T′ in Figure 1 define a square of the same size and orientation as in the entrance plane T. In the figures that follow we shall see that the square in T′ may be rotated, magnified or otherwise altered. Data for all the figures are summarized in Table 1 . Relative to the divergency at T the antisymmetric component has decreased; and the pencil has acquired a positive scalar component which is reflected in the expansion of the pencil at T′ .
By Equation 4 the discriminant of the divergency
Because the divergency is negative the pencil has no principal divergencies or principal meridional planes and there are no foci anywhere (hence the dashes for this case in the fourth and fifth columns of Table 1) .
Adding an additional L/4 D to the divergency at the transverse plane T results in a divergency at T of
The pencil is shown in Figure 3 . The right-handed torsion has increased relative to that in Figure 2 . At T′ the boundary of the pencil has rotated 45°6 . 2 6 clockwise and magnified by the factor 2 and, by Equations 2 or 3, its divergency is
As in Figure 2 the discriminant of M is negative and, hence, there are no principal divergencies, principal meridional planes or foci. 
Antiscalar divergency
For an antiscalar divergency the scalar coefficient At transverse plane T the pencil in Figure 4 has divergency
The discriminant (Equation Figure 4(b) ; and in transverse plane T they define a divergence cross as indicated with the labels 1 and -1. From  Equation 10 we find that the two focal planes are located at 1 ∓ = ζ ± m, that is, 1 m upstream and 1 m downstream from T. They are shown in Figure 4 The pencil is of the conventional type in familiar optical systems; the two focal lines define the interval of Sturm.
We note that the pencil, square in entrance plane T, has been stretched in the horizontal in exit plane T′ . It has also been turned upside-down; the green line is now on top.
At T the divergency of the pencil in Figure 5 has an additional antisymmetric component: the divergency is At T′ the pencil is a parallelogram. Addition of the antisymmetric component to the divergency has caused the pencil to lose its rectangular shape. Figure 6 shows the effect of increasing the antisymmetric component of divergency further. At T the divergency is The divergency at T in Figure 7 is I M − = D. It is a negative scalar divergency and the rays in the pencil converge towards a focal point. The focal point F is at 1 m. Every meridional plane is a principal meridional plane. At T′ the divergency of the pencil is I M = ′ D. The pencil is of the familiar non-astigmatic type.
Scalar divergency with an added antisymmetric component
We now add L / 4 D to the divergency of the pencil at T in Figure 7 . The result is the divergency
The pencil is shown in Figure 8 . The discriminant is negative. Hence there are no principal meridional planes or foci. The divergency at T′ is We see from the cases represented by Figures 7, 8 and 9 that the anstisymmetric component of the divergency obliterates the point focus and enlarges it into a neck. As for the sequence Figures 1 to 3 the antisymmetric component induces chirality; it converts the achiral pencil in Figure 7 to the chiral pencils in Figures 8 and 9 . Rotational invariance about Z is preserved. The pencil is an example of the familiar type of astigmatic pencil with associated orthogonal line foci and interval of Sturm. Adding L / 4 D to the divergency of the pencil at T in Figure 10 we obtain the pencil shown in Figure 11 and the pencil appears as in Figure 12 . The discriminant is now negative and there are no principal divergencies, principal planes or foci. At T′ Here the addition of an antisymmetric component brings the two focal planes together and the two focal lines + F and − F close to a single focal line F at °135 in Figure 11 which disappears in Figure 12 .
Figures 13 
Thus the divergency is infinite in the horizontal meridian but finite in the vertical meridian. Expanded in terms of components the divergency at T′ is 
Singular divergency with added antisymmetric component
A pencil with a singular divergency M is shown in Figure 16 . The divergency at T is
In more conventional terminology one might describe the pencil as cylindrical. 
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Concluding remarks
The mathematical results of the accompanying paper 2 have been used to construct illustrations here of the types of pencils and associated principal meridional planes and focal planes possible in generalized optical systems. Some are pencils of the familiar type: Figure 1 , a pencil of parallel rays; Figure 7 , a stigmatic pencil with associated point focus; Figures 4 , 10 and 13, astigmatic pencils with orthogonal principal meridional planes, orthogonal line foci and interval of Sturm; and Figure 16 , a singular (cylindrical) pencil with a single finite line focus and an infinite line focus. The rest, however, are new; they are not possible in conventional optical systems. They represent new phenomena. They include pencils with no foci anywhere, not even at infinity (Figures 2, 3, 8 , 9, 12 and 21); their divergencies have negative discriminants (listed in Table 1 ). They include pencils with single principal meridional planes and single line foci (Figures 11, 15 and 20) ; the discriminants are zero. And they include pencils with two principal meridional planes but the planes are not orthogonal, and nor are the two line foci (Figures 5, 6, 14, 17, 18 and 19) ; the discriminants are positive.
The pencils in Figures 2 and 3 have antisymmetric divergencies. Adding an antisymmetric component to the divergency of a pencil with a point focus (Figure 7 ) removes the focus (Figures 8 and 9 ). It also induces chirality in the pencil while invariance of the pencil under rotation about the longitudinal axis is preserved if the square arrangement of the rays is ignored. In the case of an astigmatic pencil (Figures 4, 10 and 13) , with usual interval of Sturm, addition of an antisymmetric component results in symmetric scissors-like rotation of the principal meridional planes and line foci away from orthogonality (Figures 5, 6, 10, 14 and 15) . Eventually the two planes merge into a single principal meridional plane which bisects the angle between the original planes and the two focal lines become a single focal line (Figures 11 and  15 ). The single focal line disappears leaving no focus if the antisymmetric component is increased still further (Figures 12 ). An increasing antisymmetric component makes the infinite focal plane of a singular (cylindrical) divergency (Figure 16 ) finite (Figure 17 ) and brings the two focal planes towards one another (Figures 18 and 19 ) which combine into one with a single focal line (Figure 20 ) which disappears leaving no focus (Figure 21) .
One can imagine producing each of the pencils illustrated in this paper by placing a thin lens of divergence C equal to the divergency M immediately upstream of entrance plane T. By Equation 24 2 parallel rays (divergency O D and illustrated in Figure 1 ) incident onto the lens would result in a pencil with divergency M at T.
